The shrinkage factors, g, of long-chain dendritic polymers with different branching functionalities in their generational shells are derived in the Gaussian approximation. The equations for generations zero (star) to 3 are given explicitly in a form that can be extrapolated easily to higher generation number. Examples of the evolution of the shrinkage factors with branching functionality are given. The form factors, P(x), of the same dendritic polymers are also derived. The equations can be extrapolated to higher generation number and easily incorporated into a simple calculation program. Comparisons are made with regular stars with the same number of arms as the peripheral subchains in the dendrimers. It is found that 3 rd generation dendritic polymers with low branch functionality (= 3) are less sphere-like than the star with 24 arms, but the 3 rd generation dendrimer with functionality 5 is more sphere-like than the star with 108 arms.
Introduction
The conformational properties of dendrimers have been studied extensively. However, the shrinkage factor g = <R g 2 >/<R g 2 > lin is not usually considered because of the short sections between branch points and the non-availability of linear reference materials. Theoretical shrinkage factors are used extensively as a benchmark characteristic against which expansion of long-chain branched polymers is measured. Previous results for dendritically branched polymers can be summarised as follows. Zimm and Stockmayer obtained g = 0.709 for a first generation dendritic polymer consisting of 4 trifunctional branch points and 9 random distribution subchains [1] . Kurata and Fukatsu calculated g = 0.513 for the second generation case (10 branch points, 21 subchains) and g = 0.490 for the first generation dendritic polymer with five tetrafunctional branch points and 16 random distribution subchains [2] .
In the case of dendritic polymers with equal length Gaussian subchains g = (3p -2)/p 2 + (6/p 3 ) Σ p s (1) where p = (f -1) m + 1 and m = [f (f -1) k -2] / f (f -1) are the total number of subchains and branch points, respectively. Here f is the common functionality of all branch points and k is the generation number. Σ p s is the sum of all but neighbouring subchains in the dendritic polymer [3] . More recently, form factors for dendritic polymers with f = 3 [4] and for any f [5] have also been derived. The low-q asymptote of the form factor allows also the determination of g.
While these results are obviously of great importance, regular dendritic polymers with single branch point functionality have not been prepared and characterised because of the stringent synthetic and analytical requirements. It has proven easier to prepare polymers with generational characteristics that have different branch functionalities in the different generation shells. The monodispersity of the subchain length is often well controlled via the use of living polymerisation techniques but the chemistry for introducing end-standing branching -basically single site reactions on polymers -has not been developed to a large extent. Several reports describe dendritic polymers with a star core and different branch functionality in the subsequent shells [6] [7] [8] [9] . Still other dendritic polymers, like arborescent polymers, have a more random than endstanding placement of the branches [10] [11] [12] [13] [14] [15] . In this paper the theoretical shrinkage factors for dendritic polymers with variable branch functionality are obtained. Furthermore the theoretical form factors for isolated dendritic polymers are derived.
Theoretical part

Shrinkage factor
The model for the dendritic polymer with variable branching functionality is given in Fig. 1 . For clarity only one dendron of each generation in the 3 rd generation dendrimer is shown. For ease of evaluation of the shrinkage factor and form factor, the characteristic branching parameters of the dendritic polymer p, f, Φ, v indicate the number of end-standing subchains in the zeroth, 1 st , 2 nd and 3 rd shell, respectively. Except for the zeroth shell (star core) these parameters are equal to the branching functionality minus one. The shrinkage factors of complex branched polymers are most easily derived via Kramers' rule [1, 16] 
where N is the total number of subchains each containing y monomer units. In the summations it is assumed that y >> 1. As an example, for a (3,3) 1 st generation dendritic polymer with N = p + p f = 12 subchains the application of Eq. (2) yields
where use is made of the 9-and 3-fold degeneracy of the 1 st and zeroth shell, respectively. Summation is from i = 1 to y.
The results for dendritic polymers up to generation 3 are summarised in Tab. 1.
Tab. 1. Shrinkage factors, g, for dendritic polymers Tab 
where N = p (fr + 1). Because N within the brackets of the right hand side has to be expanded in order to extract y, the final Eq. (5) is less transparent than Eq. (4b).
Form factor
The form factor (scattering function) of any polymer with Gaussian subchains is calculated by
where the summations are for every i = 1 to Ny and j = 1 to Ny, and q and b are the scattering vector and monomer length, respectively.
In the case of a polymer with a complex large-scale architecture, the summation over each pair of monomers i and j is grouped according to their correlation frequency times their specific interference function. The correlation frequencies are derived for different situations. The monomers i and j are either on the same subchain, on two neighbouring subchains, on two subchains that are one subchain removed from each other, or two subchains removed, etc. The correlation frequencies for all cases relevant to regular star polymers and dendritic polymers up to the 3 rd generation are given by adding the row terms in Tab. 2 up to the generation of interest.
The interference functions are
when i and j are on the same subchain,
when i and j are on neighbouring subchains,
when i and j are on subchains one removed, and
when i and j are on subchains two removed. Extrapolation of Eqs. (7c) and (7d) to monomers n subchains removed is obvious.
The overall form factor is obtained by collecting all terms in x of the interference functions with their respective correlation frequencies and summing. E.g., for the first generation dendrimer with identical long subchains
where
The capital letters refer to the sums of the correlation frequencies given in Tab. 
pfΦv (2pf -2f + fΦv -Φv).
Results and discussion
Shrinkage factor
The equations for the shrinkage factors in Tab. 1 are given in terms of parameters p, f, Φ, v, etc., which characterise the dendritically branched polymer by the number of subchains per end group in each generational shell. Since N = p in the case of the zeroth generation, g reduces to the Zimm-Stockmayer (3p -2)/p 2 for a regular star [1] . Eq. (4b) for the 1 st generation dendritic polymer can be written as g = (3p -2)/p 2 · [3(f + 1) -2] / (f + 1) 2 . This shows that g and (f +1) are interchangeable. Eq. (4d) can be expanded to any higher generation by introducing one new branching parameter per generation. In Fig. 2 examples of the evolution of the theoretical g-values are shown against the total number of subchains in the dendritic polymer. It can be seen that the regular star polymers exhibit the largest shrinking. Consecutive generations show relative less contraction. Introducing more branching in the peripheral shell further reduces g but the effect becomes smaller with increasing generation. In the inset of Fig. 2 it is illustrated that the location of the shell with increased branching has little effect on g when comparison is against the total number of subchains. On the other hand, if the number of subchains is kept constant through variation of the number of generations [9] then g varies substantially. E.g., a regular star with 24 arms (zeroth generation) has g = 0.1215, a 1 st generation (12,2) dendritic polymer has g = 0.1836, a 2 nd generation (6,2,2) has 0.2481 and the 3 rd generation (3,2,2,2) has g = 0.305. The theoretical values of g given by Eqs. (4a-d) are minimum values. In reality, branched polymers are known to be expanded even under Θ condition. This expansion is clearly observed in regular star polymers with more than 12 arms [17] . The onset of expansion in dendritic polymers is probably somewhat delayed when the branching parameters are low and local steric repulsion remains minimal.
Form factor
The evaluation of the form factor requires the formulation of the correlation frequencies as shown for each shell for stars and dendritic polymers up to the 3 rd generation in Tab. 2. The formulation for the extra terms for the 4 th generation can be most easily performed on the hand of a rooted tree diagram as proposed by Burchard et al. [4] . When correlations are within the same shell they are all counted. When they are between different shells they are doubled for reason of reciprocity.
The interference functions given in Eqs. (7a-d) and their generalisation to subchains n-removed is given by
Eq. (7a) is the Debye function for a linear polymer with x replaced by x/N. Eq. (7b) occurs in regular star polymers and accordingly Eq. (8) with A' and B only is identical with the Benoit form factor for the regular star [18] .
In Fig. 3 the form factors for a star with six arms and dendritic polymers built therefrom of different generation are shown. The form factor P(x) is plotted against g ·x = q 2 R g 2 so that the theoretical functions have the initial 1/3 (Guinier) slope and can be compared directly with experimental light or SANS scattering functions. It can be seen that the form factors of these polymers are indistinguishable at low q 2 R g 2 but that differences increase at high q In Fig. 4 the form factors of a star and of a set of dendritic polymers, all with 24 peripheral subchains, are compared. It can be seen that the dendritic polymer form factors are never more curved upward than for a star with the same number of arms as are found in the outer shell. The functionality of the core is most dominant, when the functionality of the other branch points is kept low. This type of polymers has been studied [9] . The small differences between these dendritic polymers at low q are also illustrated by the Kratky plot parameters in Tab. In Fig. 5 the form factor of a highly branched 3 rd generation dendritic polymer (6, 5, 5, 5 ; N = 936) is compared with the regular star and an equal density (hard) sphere. The star polymer has as many arms as there are peripheral subchains in the dendritic polymer N = 750. The comparison is in the form of Kratky plots. It can clearly be seen that the form factor of the dendritic polymer is between that of the star and the equal density sphere. The Kratky curve of the dendritic polymer envelops the oscillating curve of the sphere. This is a clear indication that, relative to the regular star, the segment density distribution of the dendritic polymer becomes more constant. The inset in Fig. 5 shows the reciprocal form factors of the densely branched dendritic polymer at low values of q 2 R g 2 . This result indicates that the difference between a regular star and a dendritic polymer appears to be observable in, e.g., the angular dependence of light scattering. Because of the interest in polymer coils with a constant radial segment density the transition from the cases in Fig. 4 (less sphere-like) to Fig. 5 (more sphere-like than the corresponding star) has been investigated for 3 rd generation dendritic polymers. It is found that the form factor of the 4,3,3,3 dendritic polymer and the 108-arm star are nearly indistinguishable. The 5,4,4,4 dendritic polymer is more sphere-like than the 320-arm star.
The theoretical form factors of dendritic polymers and regular stars with many arms can only yield a benchmark to which the actual experimentally observed polymer scattering is compared. It is well known that regular star polymers with many arms are expanded from their theoretical dimension even under Θ conditions and in good solvents [17] . Nevertheless, the experimental form factors (scattering curves) at low q 2 R g 2 fit remarkably well the theoretical ones if the experimental R g value is substituted [19, 20] . Knowledge of the theoretical form factor is therefore useful in the correct extraction of the radius of gyration. At high q 2 R g 2 important deviations between the experimental and theoretical form factors are observed in the case of regular star polymers [21] . They result in a broadening of the tail of the Kratky plot at high q 2 R g 2 , an indication of a more pronounced radial segment density decrease. Measurements on dendritic polymers would be highly desirable.
